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1 ■ INTRODUCTION 

A distribution  is  stable  (y,a,8)  if  it  has  the  characteristic  function 

(1.1)  <f>(u)  = exp{-ya|u|a(l  - i8h(u,a)u/|u|) }, 

with  Osy,  0<as2,  1 6 J <1  and  with  h(u,a)  = tan(ira/2)  for  a*l,  h(u,l)  = 

2tt  1 log|u|.  Here  y is  a scale  parameter  a is  the  index,  and  8 is 
the  syrmetvy  parameter  of  the  stable  distribution.  If  8=0,  then  the 
distribution  is  symmetric,  \vhile  the  distribution  is  said  to  be  completely 
asymmetric  if  |8|*1  and  a<2.  A stochastic  process  (X(t) ; teT}  is  stable 
with  index  a if  for  n=l,2,...  and  for  arbitrary  real  numbers  a^,...,an 
and  tp . . . ,tn  c T,  the  random  variable  a1X(t1)+. . .+anX(tn)  is  stable  with 
index  a.  In  particular,  as  can  be  seen  from  (1.1),  a collection  of  indepen- 
dent stable  random  variables  with  index  a is  a stable  process. 

In  this  paper,  further  use  of  the  linear  structure  is  made  by  restricting 

attention  to  the  subclass  consisting  of  moving  averages,  i.e.  to  stationary 

processes  of  the  form  X(t)  = £ a(X-t)Z(X),  where  (Z(X)}?  is  an 

X 

independent,  stationary  stable  sequence,  or  of  the  form  X(t)  = /a(X-t)dZ(X) 
where  (Z(X) • -«><x«»}  has  independent,  stationary  stable  increments.  If 
a=2  the  process  is  normal , and  it  can  be  represented  as  a moving  average  iff 
its  spectral  distribution  is  absolutely  continuous.  Presently  no  simple 
characterization  of  the  class  of  moving  averages  of  stable  processes  is 
Inown  for  a<2.  Of  course  normal  processes  are  extensively  analyzed  but, 
partly  because  of  the  comon  linear  structure,  also  stable  processes  with 
a<2  constitute  a class  of  probability  models  that  is  amenable  to  analysis. 


The  subject  of  the  present  study  is  the  asymptotic  distribution  of 
extremes  of  moving  averages  of  stable  processes  with  ot<2.  As  can  be  seen 
from  e.g.  Leadbetter  et  al.  (1976),  a suitable  framework  for  dealing  with 
extremes  of  stationary  processes  is  the  theory  of  point  processes  as  given 
in  e.g.  Kallenberg  (1975)  used  to  study  the  process  of  exceedances  of  a 
high  level.  Here  we  will  go  one  step  further  and  adjoin  a mark  to  each 
point  in  the  process  of  exceedances,  the  mark  being  the  entire  sample  path 
of  tiie  process,  normalized  and  centered  at  (a  point  close  to)  the  uperossing. 
The  main  results  are  that  both  when  X(t)  has  discrete  parameter  (or 
'’time1')  and  when  X(t)  has  continuous  parameter,  the  marked  point  process 
converges  in  distribution.  The  limiting  distribution  is  that  of  a Poisson 
process  (possibly  with  multiple  points)  with  independent  marks  that  are 
distributed  as  a(-t)  multiplied  by  a certain  random  variable. 

One  of  the  main  differences  between  the  normal  distribution  (stable 

with  a=2  ) and  stable  distributions  with  a<2  is  that  the  tails  of  the 

latter  decrease  much  slower.  This  leads  to  a radically  different  behavior 

of  extremes.  For  the  normal  distribution  tha  tails  are  of  the  order 
-xV2 

e ‘ /x,  while  for  stable  distributions  with  a<2  the  tails  decrease  as 

x 01  . This  affects  extremes  of  moving  averages  in  two  different  ways.  To 
fix  ideas,  consider  e.g.  maxima  of  a process  X(t)  = ]>a(A-t)Z(X)  with 
discrete  parameter.  First,  extremes  increase  much  slower  when  a=2  than 
when  a<2,  viz.  as  (log  n)'J  compared  v/ith  n^a  . Secondly,  when  the 
independent  sequence  {Z (A) } is  normal , many  of  the  Z (A) v s , OsA<n,  will 
be  almost  as  large  as  the  largest  one,  and  X(t)  will  be  large  when  many 
rather  large  Z(A) *s  are  added.  This  entails  that  the  limiting  distribution 
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of  f-L  = max  X(t)  only  depends  on  £a(X)  and  that  it^is  the  same  as  if 
11  l<t^n 

(X(t) } were  an  independent  sequence  with  the  same  marginal  distributions. 

On  the  other  hand,  when  oi<2  the  maximum  of  Z(X)  will  be  much  larger 
than  the  typical  values,  and  X(t)  ’./ill  be  large  when  one  very  large 
Z(X)  is  multiplied  by  a large  a(X).  In  this  case  the  limiting  distribution 
of  M leoends  on  max  a(X)  and  on  min  a(X)  and  is  in  general  not 

11  ' -oo<X<oo  -co<X<co 

the  same  as  if  X(t)  were  an  independent  sequence  with  the  sane  marginals. 

In  an  earlier  paper  (dootzdn  (1974)),  the  limiting  distribution  of 
maxima  of  moving  averages  of  symmetric  stable  sequences  with  a<2  was 
obtained,  but  apart  from  that  there  do  not  seem  to  be  any  results  published 
on  extremes  of  stationary  stable  processes  with  a<2. 

Tiie  plan  of  this  paper  is  as  follows.  Section  2 deals  with  convergence 
in  distribution  of  marked  point  processes.  In  Section  3 rather  complete 
asymptotic  results  on  extremes  of  moving  averages  of  stable  sequences  are 
obtained.  Section  4 contains  preliminaries  concerning  moving  averages  of 
continuous  parameter  stable  processes.  In  particular  some  conditions  that 
ensure  sample  path  continuity  are  found,  which  may  be  of  independent 
interest.  Finally,  in  Section  S results  for  continuous  parameter  processes 
corresponding  to  those  of  Section  3 are  established  for  a*l,  under  sane 
restrictions  on  a(X). 


2.  CONVERGENCE  Ii!  DISTRIBUTION  OF  ; 1ARKED  POINT  PROCESSES 

We  are  interested  in  the  times  0<t^<t2<...  of  occurrence  of  extreme 
values  of  a stochastic  process  {X(t)>  and  in  the  behavior  of  the  sample 
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paths  of  (X(t)}  near  the  t^s,  and  will  describe  then  as  a marked  point 
process.  In  this  section  we  introduce  some  notation  and  develop  techniques 
needed  in  the  remaining  sections  to  prove  convergence  in  distribution  of  marked 
point  processes.  Unfortunately  the  notation  is  somewhat  cumbersome,  but 
nevertheless  we  think  it  is  well  warranted,  considering  the  completeness 
of  results  it  makes  possible. 

Write  W for  the  space  of  integer-valued  and  locally  finite  3orel 
measures  on  R+  and  define  a metric  on  N in  the  following  way.  Let 

QO  + + 

F = {f.}._,  be  a sequence  of  functions  in  C = {f:  R -*■  R ; f is  continuous 
with  compact  support}  such  that  any  f e CQ  can  be  uniformly  approximated 
by  functions  in  F.  For  p,v  e M put  p(y,v)  = £i=i  2 1p^(y 5v) , where 

= min(l,  |/f^dy-/f.dv|).  Then  p is  a metric  on  W tliat  generates 
the  topology  of  vague  convergence  ( y ei'J  converges  vaguely  to  yeh'  if 
->  /fdy  for  all  feC,  );  see  e.g.  Bauer  (1972),  p.  241.  A point 
process  in  R is  defined  to  be  a (Borel  measurable)  random  variable  with 
values  in  (M,p) . As  soon  as  we  have  (Borel  measurable)  random  variables 
in  a metric  space  we  ray  of  course  consider  convergence  in  distribution, 
using  the  theory  of  convergence  in  distribution  in  metric  spaces  as  given 
in  e.g.  Billingsley  (1958).  For  further  information  on  convergence  in 
distribution  of  point  processes  see  [6].  V/e  regard  the  times  Ostj-^c... 
of  occurrence  of  extremes  of  (X(t)}  as  a point  process  N by  putting 
N(3)  = #{t^e3}  for  any  Borel  set  B c R+  . 

With  each  of  the  t^’s  v/e  associate  a mark  , where  is  the 


randan  variable  in  a space  R = {(. . .x_pxo»xp • • •)  l x^eR,  i=0,±l,...}. 

We  consider  R°°  as  a metric  space  with  the  metric  5(x,y)  = 6^(x,y) 

that  generates  the  product  topology,  where  6^(x,y)  = min (1/3,  |x^-y^|).  If 

X(t)  Jias  continuous  parameter  we  will  impose  conditions  tliat  make  Y^  a 

random  variable  in  D(-°°s<») , the  space  of  functions  on  (-<»,“>)  which  are 

right  continuous  and  have  lefthand  limits.  On  D (-«,»)  we  use  (a  slight 

modification  of)  the  metric  given  by  Lindvall  (1973).  Since  there  is  no 

00 

risk  of  confusion  we  will  use  the  sane  notation  as  for  the  metric  on  R . 

Thus  for  x,y  e D(-°°,°°)  we  let  6(x,y)  = 6jL(x,y)  where  6i(x,y)  = 

min(l/5,  h(c^x,oy))  and  h(c^x,c^y)  is  the  quantity  given  on  p.  113-115 
of  Lindvall' s paper,  modified  to  1) (-<»„«>)  instead  of  D(0,°°)  in  the  way 
proposed  on  p.  121. 

The  narked  point  process  is  the  vector  r\  = (U,Y^  ,Y2, . . .)  with  values 
in  S = WxR  xR  x...  (or  Li  S = MxB(-«;»)*D(-®  ;o°)x. . . ) which  we  again 
consider  as  a metric  space  given  a product  metric  d(x,y)  = £”_g  2 (x,y) , 

where  for  x = (v,XpX2, . . .)  and  y=  (v5y1,y2,...)  we  put  chj(x,y)  = p(v,y) 
and  d^(x,y)  = 6(x^,yp , i>l.  Our  aim  is  to  prove  convergence  in  distribu- 
tion of  narked  point  processes,  and  to  this  end  we  need  the  following  simple 
cr iter ions,  which  we  state  as  lenmas  for  easy  reference. 

LE  i A 2.1.*  Let  ^ = (Wn>Yni>Yn2».  • •)  n=  (Ns Y^ ,Y2 j . . .)  be  random 

variables  in  the  product  space  (S,d).  Suppose  that  W^Y  pY  2,...  are 

The  results  of  tliis  section  are  formulated  in  terms  of  a discrete  parameter, 
n,  which  tends  to  infinity.  They  of  course  remain  valid  if  the  parameter 
tends  to  infinite  in  a continuous  manner,  and  they  will  be  used  accordingly 
in  Section  5. 
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independent  for  each  n and  that  N,Y^ > • • • are  independent.  Then 
nn  n if  (and  only  if)  N and  Y;ii  Y^  ; i>i. 

PPDOF.  Since  S is  a product  of  separable  spaces  this  follows  as  on  p.  21 
of  [3],  n 

La-i'iA  2.2._  Let  = Ol^Y^Y^? . . .)  , n>l,  k>l,  be  random  variables  in 
(3,d).  Suppose  that  for  k>l,  ^ nk  as  n*»  and  that  nk  ^ n as 
k*’9.  Suppose  further  that 

(2.1)  lim  lim  sup  Pfd-tnl^ri  )>e)  = 0,  Ve>05  i=0,l»...  . 

k-*x>  n-**> 

Then  nn  — > n as  n**>. 


™0F.  For  given  e>0  choose  i to  make  2"1  < e/2  and  thus 

I7=i+i  2' j;1j  ^vV  < e/2'  151,211 

P^(riC’nn)>e)  - |Q  ^i^n’V  > e/(2(i+l))] 

and  by  (2.1)  we  thus  have 


lin  lira  sup  P(d(rC,n  )>e)  = 0,  Ve>0, 

k -*»  n-x»  u 

which  by  Theorem  4.2  of  [3]  proves  the  lemma.  □ 

k v 

For  i>l,  di(\jr'n)  = 6(Yn'i,Yni)  and  repeating  tlie  above  argument 
once  more  we  see  that  (2.1)  holds  for  i>l  if 

(2.2)  lim  lira  sup  P(6.(Yj,,Y  i)>e)  = 0,  Ve>0,  i>l. 

£-*»  n-VCO  J a1J- 

In  tne  discrete-parameter  case  (2.2)  is  easy  to  check,  but  when  the  parameter 
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is  continuous  further  simplification  is  needed. 


2-3.  Suppose  that  for  each  i>l  there  are  random  variables  {ek} 
with  lim  lin  sup  P(|eJj|>x)  = 0,  Vx>0,  and  such  that 

(2.3)  lim  lim  sup  ?(  sup  |Y  . (t)-Y* (t+ej) |>x)  = 0,  Vx>0,  £>0, 

!:-*»  n-*»  -£<t££  lX  u 

and  that  furthermore  lira  lin  sup  p{  sup  |Y  . (t)  |>u)  = 05  V£>0.  Then 

u-**>  n-+®  -£<ts£  ni 

(2.2)  holds  and  thus  (2.1) , for  i>l. 


PhfOF.  Using  the  tine  transformation  A(t)  = {l-e'e-e‘e/t}  it  is  seen 

that  6.(y,z)  s sup  { |y(t)-z(t+e) |+e|y(t) | } + e if  Osesl,  and  the 
J -j-2stsj+2 

lsnma  follows.  n 


It  is  also  possible  to  give  a simpler  condition  for 
k 

>P  r(QriIr 

k-x»  n-*» 


lira  lira  S’JP  P(dn(nl‘,ri  )>e)  = 0. 

•'-Am  J 11  11 


Lhra-'A  2.4.  Let  Ost^st^2*  • • be  tue  atoms  (repeated  according  to  their 


multiplicities)  of  N*  and  similarly  let  Ost^st  2*...  be  the  atoms  of 
Wn  . Suppose  that 


(2.4)  lim  lin  sup  Pdt^-t^^e)  - 0,  Ve>0s  i-1,2,... 


x-ko  n-x» 


and  that  in  addition  i£*  II'C  as  rn«  and  that  ^ H as  n-**>.  Then 


(2.1)  holds  for  i=0. 


PROOF . As  above,  it  is  enough  to  prove 

,k  ,, 


(2.5)  P - lim  lim  sup  P(p.(hT,W)>e)  = 0,  Ve>0(  j-1,2*... 
k-*»  n-*»  J 


where  Pj(N^,Nn)  ^ |/fjdl^-/fjdlln|  with  f j « Cc  . Suppose  that  the 


& 

U 

I 


j Jk 


Lj 


P < liT'i  sup  lin  sup  {p(ir([OsT])>K}  + r(N  ([0,T])>K]  + p([  (gdN*-  fgdN  |>o)} 
!c->oo  n-^°°  ll  11  J n J 1 1 

< 26, 

since  P(j  gdI^-|gdNn|>0)  -*■  0 by  (2.6)  and  the  hypothesis  of  the  lemma. 
However,  5>0  is  arbitrary,  so  (2.5)  follows.  0 

Finally,  it  should  perhaps  be  stressed  that  the  convergence  nn  —*■  h 
that  is  to  be  proved  in  the  following  sections  only  says  something  about 

j 

the  sample  patiis  near  extremes:  i' lamely,  Y ^ where  Y Y^  are 

random  variables  in  (R°°,6)  if  and  only  if  (Yni(-k)  , . . . »Yni(k)) 
(Yi(-k),...,Yi(k))  as  n-*»r  for  each  1<>1.  Similarly,  since  the  limits 
of  Y . e D(-<»,co)  v.'hich  vie  obtain  are  continuous,  the  convergence  in 
p(-co>Qo)  is  equivalent  to  convergence  in  D(-T,T)  for  each  T>0. 


■ ■ V 
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3.  EXTREMES  Iii  DISCRETE  TLE 


Let  (ZCX)}™.^  be  a sequence  of  independent  stable  (l,a,8)  random 
variables.  It  is  immediate  that  a(X)Z(X)  converges  in  distribution 
if  and  only  if 


(3.1) 


£ |a(X)|a  < " and  in  addition,  for  ot=l,  8*0, 

X=-» 


l a(X)log|a(X) 
X=-°° 


< OO, 


Moreover,  if  (3.1)  is  satisfied  then,  since  the  Z(X)5s  are  independent, 
r.m  a(X)Z(X)  converges  with  probability  one  also.  The  limiting  distribution 
is  stable  with  incex  a,  scale  parameter  | a(A) |a) and  with 

syr.r'etry  parameter  8 ^ {a+(X)a-a'(X)0t}/)^oo  |a(X)|a  , where  a+(X)  = 
max(0.a(X))  and  a"(X)  = inax(0,-a(X)).  Further,  if  a=l  the  distribution 

is  translated  by  an  amount  -8  2ti  ^ a(X)log|a(X)  | . 

00  00 
Given  {a(X)}^=oo  satisfying  (3.1)  a moving  average  process  {X(t) } t.__00 

is  obtained  by  putting  X(t)  = Y?  a(X-t) Z(X) . Let  x>0  be  fixed,  take 

a sequence  Ui(n)  with  h(n)+«  and  h(n)/n  0 but  otherwise  arbitrary, 

and  define  the  separated  exceedances  of  xn^a  recursively  by  putting 

tni  = inf{Uh(n):  X(t)>xn1/^a}  and  tni  = inf{t>tu  i_i+h(n);  X(t)>xn1/,a}s 

for  i>2.  The  reason  for  using  separated  exceedances  is  that  we  want  to 

count  several,  exceedances  which  are  ' a fixed  distance  apart’1  as  one  event 

only.  At  the  end  of  the  section,  also  ordinary  exceedances  will  be  considered. 

The  tir.ie-ncr.ial  i zed  point  process  il„  of  separated  exceedances  is  then 

defined  by  H (3)  = #{t  -/r.  e. !»}  for  sets  3cR+  . Further,  for  a 

il  111 

oo 

given  sequence  lx  . }•  , 


the  mark  Y • at  exceedance  no  i is  defined  as 


11 


^ni (t)  = x(t+Tni)/nl/l>  t=0,±l,...  , 

and  we  then  have  a narked  point  process  - (Mn,Y_^;Y^0 ,...). 

In  order  to  find  the  Uniting  distribution  of  nn  it  is  convenient 
to  consider  completely  asymmetric  processes  first.  Let  ca  = n (a)  sin  (all/ 2) 

and  put  A = max  a+(A) . Further  let  have  the  distribution  of  the 

— «X\*.co  ^ 

vector  (. . . ,a(l)z,a(0)z>a(-l)z> . . •)  in  R , where  z is  a randcsn 
variable  with  distribution  function  F(z)  =1  - xaA  az  a , z 2 xA  ^ . 

Then  the  limiting  distribution  is  that  of 

(3.2)  (M,Y,  ,Y?,. . . ) where  the  components  are  independent, 

OL  ”CC 

M is  a Poisson  process  with  intensity  y = 2caA  x 
and  where  the  Y^s  have  the  distribution  given  above. 

LIU  A 5.1.  Suppose  that  (3(A) are  independent  and  stable  (1,0,1), 
that  {a (A) satisfies  (5.1)  with  A - max  a(A)  > 0,  and  that 

-00<X<00 

X(t)  = a(A-t)2(A).  Then  there  are  time  points  {t  •;  n>l,  i>l)  with 

{tni'TniC-1  ti&'ht  £or  each  ia  U-e-  lim  lijri  SUP  ?( I t • -T  - | >k)=0,  i>l  ) 

11  X K-KO 

such  that  if  is  the  marked  point  process  of  separated  exceedances  of 
xr.  a defined  above,  then  p with  the  distribution  of  p given 

by  (5.2). 

RB-iARX.  It  would  seem  more  natural  to  center  the  marks  at  the  t^’s 
instead  of  at  some  x^’s  v/hich  are  not  explicitly  defined  in  terms  of 
X(t).  but  unfortunately  the  limiting  distribution  then  becomes  much  more 
complicated.  However,  using  tho  entire  observed  structure  of  the  sample 
path  near  extremes  it  is  possible  to  find  the  centering.  For  instance, 
if  the  maximum  of  (a(A)}  is  unique  then  we  may  take  t • as  the  time 


ZSS+LZ 
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point  when  {X(t) , te Ltni,tni+h(n)]}  first  assumes  its  maximum.  (The 
validity  of  this  claim  is  verified  at  the  end  of  the  proof  of  the  lemma.) 

PROOF.  Hie  essential  facts  we  will  use  are  that  X is  a moving  average 
and  the  following  simple  estimates  of  the  tails  of  F 0 , the  stable 
(lvasg)  distribution  (see  Bergstrom  (1953)): 

(3.3)  1 - Fal(z)  ~ 2c&z  a as  x-*«> 

Fal(z)  = o(|z)  a)  as  z-v-oc 

(where  f~g  means  f = g(l+o(l))  ) and 

(3.4)  PaS(2)  ♦ (l-FaB(2))  s kaz-a  , 2>0 

for  some  constant  k . 

a 

Define  ^-Tni<Tn2<' • • as  tae  tines  when  Z(X)  > xA'V'a  , put 
N^(B)  = Hx^/n  e B}  for  Borel  sets  BcR+  , and  let  Y^(t)  * Z(Tnj)/n^a 
for  t=0  and  Yn^(t)  = 0 for  t*0.  Further,  let  £ have  the  distribution 
obtained  from  (3.2)  by  putting  a(0)=A,  a(A)=0,  A*0  in  the  definition 

of  Yi  . The  first  step  is  to  prove  that  for  cn  = • •)  we  have 

(3.5)  tn  C as  n-**>. 

Obviously  r has  independent  components,  so  according  to  Lemma  2.1 
it  is  sufficient  to  prove  that  each  of  the  components  converges.  From 
(3.3)  we  have 

P(Z(0)  > xA_1n1/a)  ~ 2CAVV1 

which  by  Theorem  3.2  of  Leadbetter  (1976)  proves  that  N.  Furthermore, 


— * 
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for  z >.  xA 


-1 


rp^ojsz)  - 1 - P(Y'i('J)>z) 

= 1 - P(Z(0)  > n1/oz|Z(0)  > n^xA'1) 
a . -a 

, nx  A t a. -a  -a 

~ 1 1 - x A z 

a 

nz 

and  it  follows  that  Yj  and  thus  that  (3.5)  holds. 

The  next  step  is  to  prove  that  {t  j ‘Tni^”=i  is  tight  for  i>l,  i.e. 


(3.6) 


lira  lira  sup  P(|tp^-Tn^!>k)  = 0 , i=l,2,... 


k-«x>  n_>°o 

Now,  putting  = < I tni-Tni !>!<},  we  have  P^)  < P(A*>i.1\i)  + PCA^x) , 
(defining  A£q  = Q ),  and  by  recursion  (3.6)  follows  if  we  prove 

(3.7)  1 in  lirt  sup  P(A*  . ,A  .)  = 0,  i=l,2,...  . 

k*»  rr*>°  s 11 

Let  i-J  be  a positive  integer,  put  3n  = {Tn^>nN}  and  put  Cn  = 

{z(t)en^aA  *(x-2e,x]  for  sons  le (0,nN) } . Taking  x/3  > e > 0 we  have, 

for  n such  that  h(n)  > 2k,  that 

^,i-l{tni<Tni*k}  c «(tni)>n1/ax,  Z(t)sn1/axA_1  for  |t-tni|<k,  tni<hN-k}  u Bn 
<=  {X(tn-)>nx/,ax,  z(t)^n1//aA_1(x-2e)  for  |t-tni|sk, 


Let  D be  t’ne  event  that  z(t)  < -ni/^ote(2k+l)  ^(niax  a (X))  1 for  some 

\ 

t c (0,nN) , and  let  E be  the  event  that  there  are  time  points  t',  t" 
(0<t',t"<nN)  with  |t'-t”|  s 2k+l  and  z(t'),z(t")  > n^e^k+i)"^"1  . 


.-1 


nx1 

tni<nN-k)  u Bn  u Cn  . 


-1 


~ I 
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Further  introduce  Xk(t)  = Ix=.lc+t  a(A-t)z(A)  and  write  Fn  for  the  event 
that  sup{|X(t)-Xk(t)  | ; 0<t<nN}  exceeds  n1/<a  e.  Then 

{X(tni)>n1/,ax,  Z(t)<n1/,aA  ^x-Ze)  for  jt-tni|sk,  tni<nM-k} 


c ^Xlc^tni^>nl/,°l(x'e^  z(t)^n1/|,aA'1(x-2e)  for  It-t^jsk,  tni<nM-k>  u F, 


c D U E u F 
n n n 


where  the  last  inclusion  follows  from  the  fact  that  if  D*  occurs  „ if 
xKCtni)  = Ix=_k  a(A)z(A+tni)  > n^a(x-e) , and  if  z(A+tni)  s n1//aA_1(x-2e) 
for  | A)  < k,  then  for  at  least  two  values  of  A with  |A|  s 1:  the 
susnands  a+(A)z(A+tni) , which  are  not  larger  than  Az(A+tni) , have  to 
exceed  n^ae(2k+l)  ^ . It  follows  tliat 

(3.3)  A*  ■ , (t  • <t  • -k}c3  uC  uB  uE  uF 

7 nsi-l  ni  m n n n n n 

We  proceed  to  estimate  the  probabilities  of  the  events  in  the  right- 


hand  side  of  (3.3).  From  (3.5) 


xr ' (pH)3'  -pH 


P(Bn)  = ?(i^(OsH)<i-l)  ->  l W-e 

j=0 


as  n-*»  and,  using  Boole's  inequality  and  (3.3), 


P(Cn)  s nMP(z(0)en1/aA"1(x-2e,x]) 
N.2»ca  A~a ( (x- 2e) ”a-x~a) 


as  n-**>,  and  similarly 


» . 

P(Bn)  ^ nNP  Z(0)<-n*  ae(2k+l)  ^ (max  a"(A))~~  0. 

A 

Again  by  Boole's  inequality  and  by  independence  and  (3.3)  we  have 
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P(En)  s ([nN/  (2k+l)  ]+l)  P ({jt ' ; t:7 1 0<  J<t  <4k+2,  z Ct  * ) %tt1/ac<21c*l)  “^-A"1  , 

zCt'O^^efZk+lJ'V1}) 

s ([nM/(2k+l)]+l) (2k+l) (4k+3){P(z(0)>n1/aE(2k+l)'1A'1)  }2 


~ ([nil/ (2k+l)  ]+l)  (2k+l)  (4k+3)  (2c  e'^k+l^AV1}2 


as  Finally,  X(t)-Xj,(t)  is  stable  with  index  a and  scale  parameter 

{I|X|>k|a(X)  |a}li/a  so  (3.4)  gives 


P(Fn)  s niJP(|X(0)-Xk(0)|>n1/ae) 


siiikV01  I |a(A)|an 

a |XT>k 

■ kjfe'°  l |a(A)  |a  . 

a |xT>k 


ct  -1 


Hence,  by  (3.3), 
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' 

I 


g:  ) 


1»  Itasu?  = 0, 

the  main  change  of  the  proof  being  that  in  the  definition  of  we  have 
to  consider  t',t,!  satisfying  |t'-t‘ | s h(n)  + 2k  (instead  of  |t’-f:|<!c  ) 
and  thus  have  to  use  h(n)/n-K)  to  prove  P(En)  -*•  0.  Now  (3.7)  and  thus 
(3.6)  follows. 

v. 

To  prove  the  remainder  of  the  theorem,  introduce  Y^h  = 
(...0,a(k)z(Tni),...a(-k)z(xni),0,...),  put  , and  let 

\ = ^ n’Ynl;^n2 Since  the  function  that  maps  z>n  into  is 
continuous,  (3.5)  implies  that  — *►  , where  has  the  distribution 

that  is  obtained  from  (3.2)  by  -putting  a(X)=0  for  |X|>k.  Furthermore 
it  is  immediate  from  Lemma  2.1  that  nK  — ► r\.  Thus,  by  Lemma  2.2,  ^ n 
follows  if  we  prove  that  (2.1)  holds.  The  atoms  of  NK  are  x ,/n,x  ,/n,... 
and  the  atoms  of  Nn  are  t^Aht^/n, . . . and  thus,  since  it  follows 
from  (3.6)  that  p(!Tni/n-tni/n|>e)  0,  as  n-*»  Ve>0,  the  hypothesis  of 
Lemma  2.4  is  satisfied  so  (2.1)  holds  for  i=0.  Next,  by  definition 
Sj^ni-ni)  S lYni^)-^iO)l  = |X(j+Tni)-a(-j)Z(xni)  |n'1/a  < 
|X(j+xni)-Xk(j+Xni)!n‘1/ot+|Xk(j+xni)-a(-j)Z(Tni)|n'1/a  if  jsk.  Hence 

{6j(Yni»Yni>2e}  c {|Xk(j+Tni)-a(-j)Z(xni)|>n1/ae, 

j -k}  u {xni>nN-j-k}  u Fn 
= u En  u Fn  , 

and  as  in  the  proof  of  (3.7)  we  obtain 


i 


lim  lira  sup  P(6, (Y.,yJ. )>2e)  = 0,  Ve>0,  jal 

k-K»  n-x»  J 


L 
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i.e.  that  (2.2)  holds  for  isl.  Since  this  implies  that  also  (2.1)  holds 

for  i>l,  it  completes  the  proof  that  nn  ^ n- 

Finally,  let  t*.  be  the  first  time  when  (X(t);  te[t  . ,t  -+h(n)]} 

assumes  its  maximum  and  suppose  that  for  XQ  satisfying  a(Xg)  = A we 

have  min  (a(X,.) -a(X))  = It  > 0.  To  verify  the  claim  of  the  remark  we 
X*Xq 

show  that  it  is  then  possible  to  replace  (t  • } by  (t*  • -Xn)  in  the 

1 ni  m u 

statement  of  the  lemma.  To  do  this,  it  is  sufficient  to  prove 


(3.9) 


as  n^- 


Let  Tjd  be  defined  from  X,,(t)  = a(*~t)z(X)  in  the  same  way 


as  t, 

t 


<‘,-Xn=T  ,}  U 


iu  ^ defined  from  X(t).  Now  (t^-X^}  c ^ni  «0-ni 

k 


{Trli*VTni}  £or  k - lXol  we  have  {TAi*Tni’  Tni'X0=Tni}  c Dn  u EA  u 
u {Tn|>ni'l-k-Xg-h(n) } where  is  defined  in  the  same  way  as  En 

except  that  { t ’ - 1 ,5 1 < 2k+l  is  replaced  by  |t'-t!'|  < h(n)+2k.  Furthermore 

^Tni~X0*Tni^  c “n  u ^Tni>n^’k"X0~':1^  > ,and  thus  (3.9)  follows  as  in  the 
proof  of  (3.3).  □ 


The  general  result  follows  rather  easily  from  Lemma  3.1.  Recall  the 

notation  A = max  a+(X).  out  a = max  a (X)  and  set  p'  = c Aa(l+B)x"a  , 

Xa  ‘ x a 

u"  = cwaa(l-B)x  a . Further  let  V and  z';  be  independent  with  distribution 
functions  Fj(z)  = l-xaA  “(l+Bl’^z'0  , z ^ x’^AQ+B)1^*  and 
F7 (2)  = l-xCva  c'(l-p)  £z  4 , z > x 1a(l-B)  respectively  and  let 

= (...a(l)7,*,  a(0)Z*s  a(-l)Z' ,. ..)  with  probability  p'/(u'i+u')  and 
= (. . .-a(l)7.:',  -a(0)Z:  , -a(-l)Z::, . . .^  otherwise.  Then  the  limiting 
distribution  is  that  of  the  narked  point  process 


! 


(3.10)  • *)  v,'*lere  t'ie  components  are  independent, 

N is  a Poisson  process  with  intensity  u = vi’+y,;  and 
where  the  3 s have  the  distribution  given  above. 

TiSORa-i  3.2.  Let  {a(X)}“M  satisfy  (3.1)  and  let  (Zfx)}^  be  an  independent, 

00 

stable  (l,ot,3)  sequence.  Suppose  that  the  moving  average  sequence  (X(t)  }_00 
is  given  by  X(t)  = a(X-t)Z(X).  Then  there  exist  {xni}  with 

{tn^-tni}”_1  tight  for  each  i>l,  such  that  % ^ n,  where  is  the 
marked  point  process  of  separated  exceedances  of  n1//ctx  by  (X(t) ; t>0} 
and  where  the  distribution  of  n is  given  by  (3.10). 

P-.(/GF.  It  is  immediate  from  (1.1)  that  if  X and  Y are  indenendent  and 

stable  (l,o,l)  with  <*1,  then  (^)1/aX  - is  stable 

(la  e).  if  a = 1 a constant  has  to  be  added  to 

tms  representation,  but  since  this  introduces  only  trivial  complications 
ue  assume  a*l  for  the  remainder  of  the  proof.  Let  (Z'(X)}”ot  and  (Z'^X)}* 
be  independent  stable  (l,asl)  sequences  and  put  X'  (t)  = £a(X-t)  (-^)  ^“Z'  (X) 
and  Xl,(t)  = ^a(X-t)  (-j^)  ^azi:(X) . Then  the  stochastic  process 
(X1  (t)-X'(t)  )^__0O  has  the  same  distribution  as  (Xft)}^^  and  since  we 
are  interested  only  in  distributional  properties,  we  may  thus  consider 
X'(t)-X"(t)  instead  of  X(t). 

Let  0sti1,<T^2<- • • be  the  times  when  {z’(t);  t>0}  exceeds 
nl/aA  1/ax  Si's.,  let  0<t . • • • be  the  times  when  (Z"(t) , t>0} 

exceeds  n^aa  ^ax.  Using  {x^}  and  {x^}  > define  marked  point 

processes  of  separated  exceedances  of  the  level  n1//ax,  = (N^,Y'i,Y^2» • • •) 

from  {X*(t)>  and  = C^.Y^Y^,...)  from  (X';(t)}.  Further  let 
n’  and  n;i  be  independent  and  with  the  distributions  obtained  from  (3.2) 
byreplacing  a(X)  with  a(X)(^y^1,/a  and  with  a(X)  respectively. 
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Fron  Lemma  3.1  we  have  n'  and  ry:,  and  since  and  pjj 

are  independent,  (n',ni:)  (using  the  product  metric  on  S*S  ). 

Let  = N^+N^  , let  0<Tnl^Tn9<. . . be  the  atoms  of  , and  if 
0 0 

for  some  k put  ni  = YAk  , otherwise  put  Yjm  = Y1*  for  the  k that 
satisfies  xn^  = x^  . Then  the  function  that  naps  (7V1’nrP  into  is 
continuous  except  on  the  set  where  and  N”  iiave  common  atoms.  Since 
this  set  has  (n*  ,n”)  probability  zero  it  follows  that  n>  where  the 

distribution  of  p is  given  by  (3.10).  Finally,  using  the  independence  of 
(X£(t) } and  (X^(t) } and  similar  (but  easier)  arguments  as  in  the  proof  of 
Leima  3.1,  it  follows  that  + 0 as  n-*»,  for  all  e>0,  and 

the  theorem  is  proven.  □ 

Theorem  3.2  gives  a rather  complete  description  of  the  asymptotic 
behaviour  of  extremes  of  linear  stable  processes,  but  it  is  somewhat 
complicated,  and  we  will  spend  the  rest  of  this  section  on  some  (simpler) 
corollaries  to  it. 

1/a 

The  point  process  Nn  gives  the  separated  exceedances  of  xn  , but 
also  ordinary  exceedances  are  interesting.  For  Borel  sets  BcR+  put 
Hn(B)  = #{t/ncB-  X(t)>xn1/<x},  let  \>+(2)  = #{\;  za(A)>x}  and 
v (z)  = (X;  -za(X)>x},  and  let  the  point  process  E have  the  following 
distribution:  atoms  occur  according  to  a Poisson  process  with  intensity 
U = u' V\  the  multiplicities  of  different  atoms  are  independent  and  with 
the  distribution  of  v,  where  v = v+(Z')  with  probability  y'/(u'+u  ') 
and  v = v (Z")  otherwise.  ( y',  y,;  and  the  distributions  of  Z'  and 
Z"  are  given  on  p.  27.) 


: 
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COROLLARY  3.3.  Suppose  that  {X(t:) }~__00  satisfies  the  a ssm.pt ions  of 
Theorem  3.2.  Then  E,  where  5^  is  the  point  process  of  exceedances 

of  xn^01  and  where  the  distribution  of  E is  given  above. 


PROOF.  Vfe  only  sketch  the  proof.  Let  E^  have  the  same  atoms  as  , 

but  with  the  multiplicity  of  the  atom  at  t^  equal  to  ^{teCt.^jt^+k] ; 

X(t)>xn^a}.  According  to  the  theorem  ^ n and  with  probability  one 

n is  of  the  form  (v5y^,y2>. . .)  where  v is  a locally  finite  measure 

and  where  y^  e P°°  is  of  the  fom  y^(t)  = z^a(-t) , t=0;±l>...  . However, 

v 

for  vectors  of  this  form,  the  function  that  maps  nn  into  tT  is  continuous 

except  if  z-a(-t)  = x for  some  i>l.  As  the  set  of  such  vectors  lias  n 

probability  zero,  it  follows  that  hr  converges  in  distribution  to  some 

ic  q 

point  process,  say  E . It  is  easily  seen  that  E ' — > E as  k-*»s  and  the 
proof  can  be  finished,  using  similar  methods  as  in  the  proof  of  Lemma  3.1, 

i\ 

py  approximating  En  by  E . □ 


COROLLARY  3.4.  Suppose  tnat  (X(t) }*ra  satisfies  the  hypothesis  of  Theorem 
3.2  and  that  the  Borel  set  B c p*  has  boundary  with  Lebesgue  measure  zero 


(|3B|-0).  Then 

?(En(3)=k) 


l 

j=0 


0j|3|)j  -m|B| 

IT 


j 


M l v.-k) 
i-1  1 


as  n-*»,  where  the  ’s  are  independent  and  with  the  same  distributions 
is  v.  Similarly,  if  B^,...B^cR  are  disjoint  and  hive  boundaries  with 
Lebesgue  measure  zero,  then  P (e^ (ib ) =k^ , . . . (B^) =k^)  tends  to  the  product 
of  the  corresponding  probabilities. 
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Also  the  joint  Uniting  distribution  of  heights  and  locations  of  the 
exceedances  can  be  obtained  from  Theorem  '6.2,  but  since  the  limiting 
distributions  are  complicated  we  only  give  the  simplest  result. 

COROLLARY  3,5.  Suppose  that  (X(t) }”  satisfies  the  hypothesis  of  Theorem 

3.2  and  let  H = max  X(t).  Then 
l<t<n 

?G^/n1/a<x)  -v  exp{-ca(Aa(l+3)+aot(l-B))x'ct} 

as  n-x». 

PROOF.  Obviously  PC ^/n^a<K)  = P(liJ1(;.0.,l])=3)  > and  the  latter  probability 
converges  to  exp-C-c^. (Aa(l+B)+aa(l-3))x  a)  by  Corollary  3.4.  □ 

In  Theorem  3.2  it  is  assumed  that  i.xC  independent  variables  have  a 
stable  distribution,  however ^ as  was  noted  in  the  proof  of  henna  3.1,  the 
essential  property  of  the  stable  distribution  is  that  the  tails  decrease 
polynonially.  T.ras  results  similar  to  those  above  hold  for  roving  averages 
as  soon  as  the  tails  of  the  distribution  of  the  independent  variables 
decrease  as  negative  powers  of  x,  e.g.  if  t!ie  independent  variables  belong 
to  tie  domain  of  normal  attraction  of  a stable  law  with  exponent  a<2. 


4.  nOVI.jfi  SI  . Li-  r .Jd  .^h'  l Chill  ;UCIS  TI  ;b 

Consider  a stochastic  process  il(\)  Ae 1}  that  has  stationary 
independent  increments  with  2(0)=D  and  2(1)  stable  (1 ,«,$).  In  the 
sequel  we  will  assume  that  a*l.  Ti.e  usual  way  cf  obtaining  an  integral 
/a(X)dZ(X)  is  to  first  define  it  for  step  functions  of  the  form 
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/a(A)dZ(A)  = J\=1  ^(ZCc^-Zfb^)  . Then,  as  is  easily  seen  from  (1.1)  /a(A)dZ(A) 
is  stable  with  index  a,  scale  parameter  (/|a(A)  j adX } , and  symmetry 
parameter  {/(a+(A)a-a"(A)a)dA}//|a(A) |adA.  Next,  if  a(A)  is  (Lebcsgue) 


measurable  hand  satisfies 


(4.1) 


W)|a< 

4 


'dA  < 00  (0<a<l  or  l<a<2) , 


we  can  find  a sequence  (an(A)}”~i  of  step  functions  with  /| a(X) -a.^ (X)  |adA-*-0 
as  n-*».  Then,  for  In  = fan(A)dZ(A) , the  scale  parameter  of  I -I  is 
{/|a  (A)-a_(A)|adA}1^a  which  finds  to  zero  as  irdn(m,n)->«>.  Hence  , 

is  a Cauchy  sequence  in  the  sense  of  convergence  in  probability  and  there  is 
a random  variable  I with  I I.  The  integral  is  then  defined  (uniquely 
a.s.)  by  /a(A)dZ(A)  = I. 


The  object  of  study  is  moving  averages,  i.e.  processes  of  the  form 
X(t)  = /a(A-t)dZ(A)  with  a(A)  satisfying  (4.1).  Me  always  assume  that  a 
separable  version  has  been  chosen.  Cur  approach  is  to  approximate  a(A) 
by  step  fiinctions  a,,(A)  = £a^l(i2  *‘<A<(i+l)2  ) arid  tnus  to  approximate 
X(t)  by  X,^(t)  = £a^{Z((i+l)2  K+t)-Z(i2  +t)}.  The  necessary  estimates  are 
given  by  the  following  two  lenmas. 

LSliA  4,1.  Suppose  X(t)  = £a^{z((i+l)2  *+t)-Z(i2  ^+t)>,  where  £|a.Ja  < « 

and  where  (z(A);  AeR)  has  stationary  independent  increments  with  Z(0)=0 

and  z(l)  stable  (l,a,l),  ana  put  X,  = sun  |X((£+t)2  lC)-X(£2  ^) j . If 

0<t<l 

0<a<l  then,  for  some  constant  ka  , 
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(4.2) 


P(  inax  X£>x)  < k^aJNx' 


()<£<  2XN-1 


where  A.  = max  |a  ,,  I.  I£  l<ct<2  then 
0_<j_<2k  i2  +3 

(4.3)  P(  rax  X£>x)  < I^I|ai|ai>I{x'a+(2'k+a^|ai|a)C2"a)/V2} 
Os^rA-l 

for  x > (^(2  Z I I °t) 1//ct  , where  is  3 constant. 

PROOF.  We  have 


(4.4)  X((Jl+t)2‘K)-X(a2'k)  = 


= Z((i+l+i+t) 2_lt)  - Z((i+4+t) 2'1:)  } 

-Iai{Z((i+l+£)2-k)-Z((i+£)2'k)} 
* I(ai-rai){Z((i+^+t)2'k)-Z((i+£)2'k)}. 


Suppose  0<a<l.  Then  (Z(A)}  has  nondecreasing  sample  paths  and  hence  for 
0<t<l, 

«>  2k 

|X((l+t)2'k)-X(A2'k)|  =|I  l (a  , -a  , ) 

i—03  j=x  i2  t+j-1  i2Kt+j 

{Z  (i+  (j  +£+t)  2'k)  -Z  (i+  (j+A)  2“k)  } | 

< 2 l A-  I (Z  (i+(j+£+t)2"K)  -Z  (i+(j+£)2_k) } 

i=-»  j=l 

w 2'"  y k 

<2  l A-  l (Z(i+(j+Jl+l)2  K}-Z{i+(j+S,)2  K) } 

i=-»  j=l 

= 2 l Ai{z(i+l+(a+l)2-:')-Z(i+jl2'k)}. 


It  follows  that 


max  X£  £ 2 l Ai(z(i+2) -z(i) } 
0a<2k-l 

" 2 l (Ai+Ai_1){Z(i+l)*Z(i) )< 


The  sequence  (z(i+l) -z(i)  )i=oo  is  independent  and  stable  (l,a,l)  and 
thus,  by  (3.4), 

PC  niax  XA>x)  < Z\  l (Ai+Ai+1)otx'a 
0<£<2k-l 

< 2 . 2\  7 AVa  . 

a L l 

Hence 

P(  max  X,j>x)  s NP(  X^>x) 

0<£<N2K-1  0<£<2k-i 

s 2 o 2°k  l Aebc"a 
a L l 

and  (4.2)  holds  with  K = 2 ° 2ak  . 

u a 

Hext  suppose  that  l<a<2.  Put  Y(t)  = X(t2_x)-X(0)  and  set  b^  = a- 
It  follows  from  (4.4)  that  (Y(t);  0<t<l)  has  stationary  independent 
increments  with  Y(0)=0  and  Y(l)  stable  with  index  a,  scale  parameter 
T = (2'"I|bi|a)l/a  and  symmetry  parameter  0 = I((b^)a-(b:)a)/^|bi)ct  . In 
analogy  with  the  proof  of  Theorem  3.2,  we  represent  Y(t)  as  Y+(t)-Y~(t), 
where  Y+(0)  = Y (0)=0  and  the  processes  (Y+(t)}  and  (Y’(t)}  are 
independent  and  have  stationary  independent  increments  with  Y+(l)  stable 
Y((l+0)/2)x^a,a,lj  and  Y (1)  stable  Y((l-3)/2)^a,a,lj . Further, 
Y+(t)  = Yg(t)+Y^(t)  where  Y^(t)  is  the  sura  of  jumps  of  Y+(t)  of  size 
> 1 in  [0,t]  and  Y (t)  = Y0(t)+Yn  (t)  where  Y-^(t)  is  the  sum  of 
jumps  of  Y~(t)  of  size  >1  in  [O.t].  Let  4>(u,x)  = (eiax-l-iux) |x| 
Using  the  Ldvy  representation  of  the  cnaractcristic  function  of  Y+(t)  as 
bt(u)  = exp{tac^Ya(l+6)/“iji(u,x)dx}  it  follows  (see  Levy  (1954),  Breiman 
(1958))  that  { Yq ( t ) } and  (Y^(c)}  are  independent  and  that  Yg(t)  has 
the  characteristic  function  expftocc^Y^l+B) (/g^(u,x)dx-iu/~x'adx) } . 
Similarly  {YQ(t)}  and  (Y-j  (t) } are  independent  and  Yg(t)  has  the 
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characteristic  function  exp{tacaY(l-B)  (/g  4>(u,x)dx+iu/^  xadx)}. 


pence 


Xn  = sup  )Y (t) | < sup  |Yt(t) )+  sup  |Yj(t)|+  sup  |Yp(t)|+  sup  |Y*(t) 
Ostsl  0<t<;l  u Ost<l  0<t<i  0<t<l 


= sup  |Y+(t)|+Y+(i)+  sup  |Y"(t)|+Y"(l) 
0<t<i  U 1 0<t<l 


< 2 sup  |Y*(t)|+Y+CL)+2  sup  |Y' (t) |+Y* (1) . 
n<t<i  u 1 u J- 


0<t<l 


0<t<l 


Hie  process  (Yg(t);  0<t<l)  has  moments  of  all  orders  (Feller  (1971), 
p.  570)  and,  if  m and  v are  the  nean  and  variance  in  the  distribution 
with  characteristic  function  exp{ac^  (/^p  (u,x)  dx- iujh  x °cix)},  then 
E(Yp(t))  = ty(l+B)1/ama  and  v(Yj(t))  = ty2(l+B)2/ava  . For  x > 16y ImJ 
Kolmogorov's  inequality  gives 

P(2  sup  |Yj(t)|>x/4)  < P(2  sup  |Yj(t)-tY(l+(3)1^aJ  > x/4-Y(l+S)1/a|mJ) 


0<tsi 


0<t<l 


< P(  sup  hn(t)-ty(l+B)1/otm  !>x/16) 
0<t<l 


2^2  ,,2  -2 
< y 2 v 15  x 
' a 


Similarly,  for  x > I6y|mj, 


P(2  sun  |Y‘(t)|>x/4)  s y222v  162x  2 . 

0<t<l 

By  (3.4)  we  have  P(Y*(l)>x/4]  < 1c  ya(l+B)4ax’a  and  P(Y’(l)>x/4)  s 
kaya(l-0)4ax  u . Thus,  for  x > I6n^y, 

P(Xft>x)  5 P(2  sup  | Y« (t)  | >x/4)  +P (Y+  (1) >x/4) +P (2  sup  |Y'(t)  )>x/4)+P(y'(1)>x/4) 
u 0st<l  u 0<t^l 

s yV( x'V’V2) 
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if  Kq  = 2a  inax(4.152vaSka4a) . so  since  ya  = 2~k  £ |bi|a  and  = ai_1-ai 
we  have 

P(  max  X„>x)  < 2kMP(Xn>x) 

Osi^-l 

< Ka2'a2krJYa(x'a+Y2’ax'2) 

2-a 

- V“i|b1l^(x'“-(2-’i|b1|a)  “ x'2) 

2-a 

S ;cj|a1|“i«x-at(2-k'“l|ai|“)  <*  x’2), 
which  proves  (4.3).  □ 

In  order  to  apply  Lemma  4.1  to  X(t)  = /a(X-t)dZ(A)  some  conditions 

are  needed.  Let  3^  = sup  a(A)  , b,  ^ = inf  a(X)  and  put 

A2iVe(i,i+l]  X2ke(i,i+1] 

a,^  = a(i2  . One  possibility  is  to  require 

(4.5)  a(X)  is  uniformly  continuous.  X7=-«>^ii  < °° 

0<a<l . 

The  second  part  of  this  condition  is  of  course  equivalent  to  7°°  3?.  < °o 

r <.i=-oo  1^1  1 

for  all  ksl.  Another  possibility  is  to  require 

(4.6)  a (A)  is  uniformly  continuous , ^__TO|a-^|a  < »,  there 

* 

exist  <5>0  and  X such  that  2 ilaici"aic-i  [i/2]> 
and  l<a<2. 


Obviously,  this  condition  implies  that  |a  < °°  for  all  k>l.  Die 


*1^1  °° 

<i2''  J^.oo  > ^ ?ut  % = |a'(X)|.  Then  la^-a^  ri /2,  | s 

X2  e (i-l,i]  i 

fki2"J"  md  hence  ^lal<i"ak-l;[i/2]|a  < 2'‘;(a'1)EfJi2'lC  . Thus  the  latter 
part  of  (4.6)  holds  with  6 = a-1  if  e.g.  £f.,^2  " converges  as  and 

to  require  that  this  holds  is  rather  close  to  requiring  /|a'(X)|adX  < °°. 

LF.  IIA  4.2.  Suppose  that  X(t)  = /a(X-t)dZ  (X) , where  a(X)  is  non-negative 

and  satisfies  (4.1)  and  (Z  (X) ; XeH)  is  as  in  Lerma  4.1.  Furthermore  put 

\(-)  = Iavi(Z  ((i+l)2  k+t)  - z(i2  lv+t)}  (the  sum  converges,  by  (4.5)  or 

by  (4.6)).  If  a(X)  satisfies  (4.5)  then,  for  sor.e  constant  K' 

a 


(4.7) 


P(  sup  |X(t)-X.  (t)  |>x)  < K'  l Aa  Nx'a  . 
Ost<N  K a i=-»  K1 


where  Av.  = max  |B  . -b  , | . If  a(X)  satisfies  (4.6)  then 

0^2I:  k'i2  +>  W +j 


(4.3) 


P(  sun  |X(t)-X-.(t)  |>x)  < K'2*k6/aN(x'a+x'2), 
0<tsN  * a 


for  k large  enough  to  make  2iV  > Ca6x'a  , where  fa6  is  a constant. 

P..CCF.  Suppose  0<a<l  and  let  X,.(t)  = pl.i(Z((i+l)2’k+t)-Z(i2'k+t)}, 

^(t)  = Jb^Z ((i+l)2  +t) -r fi2  A+t)}.  Since  Z(X)  has  nondecreasing 
sample  paths,  D^Ct)  = X,,(t) -X^(t)  > |X(t)-X^(t)  | . Using  the  same  methods 
as  in  the  first  part  of  Lemma  4.1  it  is  easily  seen  that  Pf  sup  D,  (t)>x)  s 

a,  . 0<t<N  K 

Xa  a ^ t:ius  (4.7)  follows  with  = Ka  . 

i<nv  consider  l<a<2.  In  this  case  let  D-^(t)  = X^(t) ~Xj,_2 (t)  and  put 

dki  = aki*ak-l,(i/2]  * = Ii:;i{z((i+l)2"V>t)-Z(i2'kn)}. 

Further  let  = sup  jL)^(()l+t)2  k)-D^(2.2  K)  | and  use  (3.4)  and  Lemma 


4.1  to  obtain 
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P(  sup  D,(t)>x) 
0<tsN  ic 


* PC  |DkU2'k)|>x/2)+P(  max  D£>x/2) 

0sfc<2nIM  0<£.<2nN-l 

5 ka,5l^il^'X,5ldXil“'!:'“tC2'k*“Jldklla)(2'a)/V2) 


for  x>C(1(2'KJ|d!;i|0,)1/'a  . Hence  by  (4.6) 


(4.9)  ?(  s up  D.  (t)>x)  KN{(!<  +IC  )2~KSx~a+!'  |f(2-°‘)/a22"a2-k{2+26-a}/a  -2, 

for  x > Ca(K  2'ic(1+6))1/a  . Let  = 2'(i‘1)6/(2a)  (l-2'6/(2ahx,  so 

that  xA  - x,  £“=1  2‘*-k+i-,<5xTa  < constant  * 2 k<5x’a  , and 

%ml  2-(^i)C2+26-ct)/a  ^2  s constant  x 2-k(2*2«-a)/ax-2  . sincc  y^t)  X(t) 


we  have 


00 

(4.10)  P(  sup  |X(t)-Xk(t)|>x)  s l ?(  sup  Dk+i(t)>xi), 

OstsW  k i=l  0<t^N  K 1 1 

and  if  2k  > (l^-6^2^)'1^'01  then  xj_  > Ca(K  2(?t+l)  (l+5))1/a  , for 

i>l,  and  (4.8)  follows  from  (4.9)  and  (4.10). 


□ 


The  conditions  used  above  imply  that  X(t)  has  continuous  sample 
paths,  and  although  we  do  not  need  this  result  for  the  sequel,  it  is 
interesting  in  its  own  right. 


THEOREM  4.3.  Let  (Z(A) : AcR)  have  stationary  independent  increments, 
which  are  stable  with  index  a.  Further  suppose  that  a(\)  satisfies 
(4.1)  and  that  both  a+(A)  and  a’(\)  satisfy  either  (4.S)  or  (4.6). 

Then  the  moving  average  X(t)  = /a(\-t)dZ(\)  has  continuous  sample  paths. 

PROOF.  Obviously  it  is  no  restriction  to  assume  that  Z(0)=0  and  Z(l) 
is  stable  (1,0,6),  and  since  /a(A-t)dZ(\)  = /a+(A-t)dZ(A)+/a  (A-t)dZ(A), 
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it  is  enough  to  show  tliat  each  of  the  terns  is  continuous,  i.e,  we  may 
also  assume  a(A)>0. 

Let  (Z ' (X) ; AeR}  and  {Z"(A):  AeR}  be  independent  and  have  stationary 
independent  increments  with  1 4 (0)  = z::(0)  = 0 and  z’(l)>  Z':(l)  stable 
(l,ct;l).  Then  /a(A-t)dZ(A)  has  the  same  distribution  as 

i'/a/a(A-t)dZ 1 (A)  - (^^■)1'/a/a(A-t)dZ'!iA)  , and  thus  we  may  further 
assume  8=1. 

The  proof  proceeds  by  approximating  X(t)  by  Vj/(t)-=-/a^(A-t)dZ(A) , 

where  ak(t)  is  defined  by  the  requirement  that  ak(t)=0,  | t | >k ’ , for 

k'  = k' (k)  to  be  specified  later,  that  a*  (£2  k)  = a (£2  K) , 

\ 

Z = 0,±l,...±k'2  -1,  and  that  a ,,(t)  is  linear  between  these  points. 

A 

Using  the  definition  of  the  integral  as  a limit  of  sums  and  Abelian  summation, 
it  is  seen  that  (’’partial  integration") 


av(A-t)dZ(A)  = 


ak(A)r.Z(A+t) 


a£(A)Z(X+t)dA 


k'2A-l 


l'1  |a((iH)2~k)-a(i2'k)j 


i=-k' 2 


(i+1) 

.~-k 

i2 


9-k 


Z(A+t)dA,  (here 
a(k')  = a(-k')  = 0) 


where  the  integrals  are  defined  as  limits  in  probability  of  sums.  However, 

Z(A)  e D(*<*>,o°)  (sec  e.g.  Breirnn  (1968),  p.  306),  and  is  thus  locally 

Rieman  integrable  and  hence  Z(A+t)dA  is  a.s.  a Rieman  integral 

i2‘K 

and  is  thus  a.s.  continuous  in  t,  and  it  follows  that  also 
V,,(t)  = / av(A-t)e.Z(A)  is  continuous  in  t a.s. 

K K 

Hence,  if  we  prove  e.g. 


(4.11) 


sup  |X(t)-Vk(t)|  0, 

0<t<l  K 


then  the  desired  result  follows,  since  there  is  then  a sequence  {k^}  of 

integers  with  P(  sun  |X(t)-V.  (t)  | ->-0  as  n-*°)  = 1,  i.e.  X(t)  is 
0<tsl 

a.s.  a uniform  (in  [0,1]  ) Unit  of  continuous  functions  and  is  thus 
continuous  in  [0,1]  and  hence,  by  stationarity,  in  all  of  R.  Now,  let 
X^(t)  be  as  in  Lemma  4.2  and  put  X£(t)  = l ^ .{z((i+l)2~k+t)-Z(i2’k+t)}. 


We  have 


| i2K|<kf 


(4.12)  p(  sup  |X(t)-Vv(t) |>x)  < P(  sup  |X(t)-Xv(t) | >x/3) 
0<t<l  k Cstsl 


+ p(  sup  |xk(t)-x.'  (t)  |>x/3)+P(  sup  |X£(t)-V,  (t)(>x/3). 
0<t<l  0<t^l 


Paus,  if  0<a<l,  Lemmas  4.1  and  4.2  give  that 


(4.13)  ?(  sup  [X(t)-V,  (t)  |>x)  < P'{  l l B?.+  l A,a.  }3ax"a  , 

0<t<l  x * i— » |i|>k’  i=-R’+l  ia 

Choosing  e.g.  k’(k)  = k it  follows  from  (4.5)  and  the  dominated  convergence 

theorem  that  the  righthand  side  of  (4.13)  tends  to  zero  as  k-*»,  and  thus 

(4.11)  holds  for  0<a<l. 

It  is  no  loss  of  generality  to  assume  6<a  in  (4.6) . and  then  it  can 

be  seen  that,  regardless  of  the  value  of  k',  aj.(A)  satisfies  (4.6)  with 

K not  depending  on  k and  with  the  same  6 as  a (A),  aid  thus  if  l<a<2 

it  follows  from  Lemma  4.2  that  the  first  and  the  third  terms  of  (4.12)  are 

bounded  by  X^2  ^/u3ctx  a for  large  k.  Furthermore,  by  (3.4)  the  second 

term  is  bounded  by  £ |a^|a3ax"a  , and  since  £ 1 a,^  | a < <»  by 

|i2k|>k' 

(4.6),  k'  can  be  cliosen  large  enough  to  make  Y , I a, , I u -*  0 as 

I i2lc  |>k  ’ K1 

k-*»,  and  it  follows  that  (4.11)  holds  also  for  l<a<2.  □ 
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5.  EXTREMES  If!  CCITIilUOUS  TliiE 


Let  (X(t) , teR)  be  a moving  average,  and  in  analogy  with  Section  3 

define  recursively  = in£{t>h(T);  X(t)>xT1/,a};  tTi  = inf{t>tp  ^_.j+h(T); 

X(t)>xT1//a}  for  i>2.  For  a given  sequence  put  Yy^(t)  = 

X(t+TTi)/T'*'/a  , let  Mp(B)  = for  Borel  sets  B^R+  and  consider 

the  marked  point  process  nj.  = (Mj.,  YT1,YT2?  — ) of  separated  exceedances 

of  xT^a  . Furthermore,  put  A = sue  a+(X) . let  y and  Z be  as  defined 

AeR 

on  p.  17,  and  let  have  the  distribution  of  the  random  variable 
(Za(-t);  teR)  in  DC-®,00).  If  Z(A)  is  completely  asymmetric  the  limiting 
distribution  will  be  that  of 


(5.1) 


(N,Y.,Y2,...)  where  the  components  are  independent, 
N is  a Poisson  process  with  intensity  y,  and  where 
the  Y^ss  have  the  distribution  given  above. 


LBIiA  5.1.  Suppose  that  { Z(A)  ; AeR}  lias  stationary  independent  increments, 
with  Z(0)=0  and  Z(l)  stable  (l,a,l).  Further  suppose  that  a(\) 
satisfies  (4.1),  that  both  a+(A)  and  a (A)  satisfy  either  (4.5)  or 
(4.6),  and  that  A>0.  Then  there  exists  {t^}  such  that  T>1} 

is  tight  for  each  i>0  and  sucli  that  the  marked  point  process  nT  of 

1 / (X  N 

separated  excellences  of  xT  by  X(t)  = /a (A -t)dZ(A)  converges  in 
distribution  to  n,  inhere  the  distribution  of  p is  given  by  (5.1). 


PROOF.  Without  loss  of  generality  we  assume  that  a(0)=A.  First  suppose 
that  0<a<l.  Recall  the  definitions  of  X (t)  and  a,  • from  Lemma  4.2 

iv  Ivl 


and  put  3Ck(t)  = Xk(2'k[2kt])  so  that  Xk(i2-K)  = Xn(i2'fC)  and  Xk(t) 


v n 
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is  constant  for  t e [i2’*\  (i+l)2  ^].  We  have 

(5.2)  P(  sup  |X(t) *X.  (t)  | >T1/ctx)  < r(  sup  |X(t)-X,  (t)|>T1/ax/2)- 
Ost<T  K 0<t<T 


P(  sup  |Xk(t)-Xv(t)|>T1/ax/2) 
0<tsT  * 


* 2J£  I A“i(T+l)T_1x'a2a+ 


!=-!» 


l A?ci(T+l)T"Va2a 


X=-oo 


by  Lemma  (4.2)  applied  to  both  a (A)  and  a (A)  and  by  Lemma  (4.1). 

Fran  (4.5)  it  folio1, vs  that  7°°  , A?.  0 when  !<-*»  and  hence 

v t'l=-°5  iCl 

(5.3)  lia  lim  sup  P(  sup  |X(t)-X.  (t)  |>T^ax)  = 0. 

k*»  T-*»  0<t<  T 

v \ v }c 

How,  let  td  = be  the  marked  point  process  of  h(T)- 

sepa+wted  upcrossings  of  xi1^0*  by  the  discrete  process  {X^(i2  ^C))”__oo  , 
where  YJL  (t)  = X^(t2  K+x^),  t=0,±l,...  , with  the  time  of  the 

i’th  exceedance  of  xT1//a/A  by  the  sequence  {Z(i2"K) -Z  ((i-l)2~^)  }”_c  . 

k k 

According  to  Lemma  3.1  converges  in  distribution,  to  t,  say,  as 

T-+®.  Furthermore,  if  rvP  is  the  marked  point  process  of  uperossings  of 
1 /ct 

xT  by  the  continuous -time  process  (X,,(t) ; teR),  with  the  narks  centered 

at  the  xif  8 s , then  the  function  f;  Mxr”xR°°x . . . ■*  NxD(-“>,o°)xD(-«>,°°)x. . . 

that  maps  Cy  into  is  continuous  and  hence  ryi  f(^)  = n'  , say. 

k 

It  is  easily  seen  that  tlie  distribution  of  n is  obtained  from  (5.1)  by 


j. 

replacing  a(A)  with  a.  (A)  = Yk2  a,  .iri2‘x<As(i+l)2-le) . Thus 
k k k k 1 

n = (N  ,Y^5Y*2, . . .)  has  independent  components , and  if  n = (K,Y^  . . . ) 

t 

lias  the  distribution  given  by  (5.1)  then  HK  has  the  same  distribution  as 


I 

£ 
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N and  Yv  — *-  Y-  , since  sup  |a(X)-av(\)|  0 by  (4.51.  By  Lema  2.1 

v a Ae-V 

it  follows  that  rf  — +■  n as  n-*». 

The  appropriate  centering  for  the  i’th  mark,  x-j,  , of  is  the 
time  of  the  i’th  jump  larger  than  T^ax/A  in  the  process  (z(t);  t>0). 
To  show  this  v/e  first  prove 


(5.4)  lim  P(|xTi-x£.  |>2  ) = 0. 

To  do  this,  let  e e (0,  x/(2A))  and  write  Z(t)  = l}  (t)+Z2(t)+z\t)+Z^(t) , 

where  Z^(t)  is  the  sum  of  jumps  by  Z(t)  in  [0,t]  of  size  larger 

than  T /a(x/A+e),  where  Z"(t)  is  the  sum  of  jumps  of  size  belonging 

to  T^a(x/A-e,  x/A+e],  and  where  Z^(t)  is  the  sum  of  jumps  of  size 

belonging  to  T^a(e/n,  x/A-e],  (n>0) . Further,  for  £=1,2,3,  let 

£ 

E be  tiie  point  process  which  has  its  atoms  at  the  times  of  jumps  of 

Z^(t).  We  recall  that,  putting  Zj  = Z(j2  ^)-Z((j-l)2  “) , x^  is  equal 

-k  1/a 

to  2 times  the  location  of  the  i’th  exceedance  of  T ' x/A  by  the 

sequence  {Zj}°°_y  . Put  zj  = Z^(j2  ^)-Z^((j-l)2  so  that  Zj  = Zj  , 

let  N be  a positive  number  and  denote  the  event  that  E*([0,TN])  < i by 

Ap  , the  event  that  E2([0,TN])  > 0 by  By  , the  event  that 

E2(2  *(j-l,j])  > 1,  for  some  j e [l,  2^isT],  by  Cy  , and  the  event  that 

E3(2‘K(j-l,j  ) > 1,  for  some  j e [l,  2khT],  by  DT  . If  | xT±-x^± | > 2 l< 

and  A|  n occurs,  then  at  least  one  of  the  following  three  events 

must  happen:  either  Zj  > T^ax/A  and  E*(2  X (j - 1 , j 3)  = 0,  for  some 

j c (1,  2^NT],  or  Zj  ^ T^°x/A  3nd  E~(2  K(j-l,j])  > 0,  for  some 
v 

j e [1,  2 ITT],  or  else  Cy  occurs,  Moreover,  if  n C|  n D|  occurs, 
then  the  first  two  events  both  imply  that  Ey  = { | Z j | >T^ae , some 
j e [1,  2%]}  happens.  Thus  we  have  proved 

{ | TTi_TTi  I >2  iC}cAj,uB.^uCj.uHj.uE^,. 
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Let  y^  = c^'^fx/A+e)*01  , y7  = caot  k((x/A-e)  a-  (x/A+e)  a}  and 
y3"=  co(a"1{(e/nj"q-Cy-/A-e)'ot}.  Then,  for.  ^1,2,3,  E*  is  ?.  Poiss 
process  with  Intensity  y£/T  (see  e.g.  Breiman  (1963))  and  thus 

, i-1  -Nu,  (Nyjj 

P(At)  = F(E  (C^TW])^)  = l e 1 —A— 

j®0  •'* 

Ny- 


son  . 


and 


P(Bj.)  - P(E2([0,TN])sl)  = 1-e 


Furthermore, 


p(cf)  s 2ki'rrp(E1(roi2"Ic])>i) 


= 2% 
- 0, 


f.  ,-k  T-i  -2‘ V1! 

l-e  -2  y^l  e 


as  T-*»,  and  similarly  P(DT)  ->  0.  Further,  by  differentiating  the  L6vy 
representation  of  the  characteristic  function  of  (c.f.  the  proof 
of  Lemma  4.1)  it  is  seen  that  E((zJ)2)  s K2"k(e/n)2'aT2/w*1  , for  some 
constant  K,  and  then  Chebychev' s inequality  gives 


?£_)  s 2W(|z’|>T1/aE) 

s 2kNTE(  | z^|  2)T_2/ote“2 

s KNe"an2’a  , 


as  T-k».  Hence 


k . -v  il1  “Hv>i  (Ny, ) J -Ny- 

lTTi'xTil>2  ■*  5 e — FT — + 1_e  + KNe"an‘‘"a  , 

j=0  J ' 

and  inserting  the  values  of  yx  and  y2  and  letting  first  n-*»,  then 


lim  sup  P(|- 
T-*«° 


and  then  chis  proves  (5.4). 

Wow  we  are  in  a position  to  show  that  (tTi-rTi:  T^l)  is  tight,  or 
equivalently  to  prove 


» 

i 
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' 1 jpp 


(5.5)  lin  lim  sup  Pdt™.  -tt-  |>y)  = 0. 

y-*oo  T-»<»  1 

Let  be  tbe  hCT) -separated  upcrossings  of  T1//a(x-A e)  by  X^(t) 

and  let  (t!jb } be  the  h(T) -separated  upcrossings  of  T1/,a(x+Ae)  by  X^(t) . 

Further,  let  be  the  location  of  the  i’th  exceedance  of  T^a(x/A-e) 

and  Tj^  the  location  of  the  i’th  exceedance  of  T1//a  (x/A+e)  by  the 

discrete  process  {7(j2  k)-"((j-l)2  ")}j=i  , write  F^.  for  the  event  that 

sup  |X(t)-Xv(t)|  > Ti//otAe  and,  changing  the  notation  slightly,  let 
OstsITT  - . 

Aj  = {tTi<NT-y>.  On  the  event  A£  n F*  we  have  and 

thus  ( I tTi~TTi | >y}  c {t^i-rTi>y}  u {x^-tj^y}  u Aj.  u FT  . Let  Gj.  be 
the  event  that  z • e T^a(x/A-e,  x/A+e]  for  some  j c [1,  2^JT].  If 
A$  n G*.  n {lx^-x.^|sy}  occurs,  then  and  thus 


dtri_TTil>yJ'  c tfri"TTi>y‘2'kj  u {TTi'^Ti>y"2  *'}  u {lTTi"rTil>2","}  u VFT 


c {bTi'^Ti>y’2'k}  u ^i'-Ti^'2"^  u {lTTi*TTil>2"A}  u ^ u FT 

u Gj.  . 

* i (NPi)3  v -If 

Here  P^)  -+  e — jj — , I TTi~TTi  I >2  ) ^ 0 as  T'w’  ^ 

P(Gj.)  s 2kIirP(z1eT1/a(x/A-e,x//A+e])  ~ 2 Nca{(x/A-e)'a-  (x/A+e) Hence 


lin  lim  sup  Pdtu,- | >y) 

y-*co  T-k»  11  A1 


Ti>y-2'k)  + P(Tki-tki>y-2‘k)> 

+ lin  lim  sup  P(Fj) 

y-x»  T->oo 


♦ 2 Mca{(x/A-e)'a- (x/A+e)'"}, 


and  the  first  term  is  zero  by  Lema  4.1,  the  third  term  tends  to  zero  as 
k-K»  by  (5.3)  ana  the  remaining  two  terms  tend  to  zero  as  first  e-+0  and 


then  and  thus  (5.5)  follows. 


nfimrihitrirttHtfifrl 
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To  complete  the  proof  that  r>j.  — ► n it  is  enough  to  show  tliat  tne 
conditions  of  Lemmas  2.3  and  2.4  are  satisfied.  However,  the  atoms  of  Np 
are  t^/T,  t^/T,  ...  and  the  atoms  of  i£i  are  t^/T,  t^/T,  ...  , 
and  (tpp-t^hj/T  0 follows  from  (5.4)  and  the  facts  that  T>1} 

and  (t^-Tpp:  T>1}  are  tight,  so  the  hypothesis  of  Lemma  2.4  is  satisfied. 
Further,  let  . Then,  by  (5.4),  lin  lin  sup  P(|e~|>x)  = 0 for 

x>0.  Since  %(t)  *=  Xjr(t+Tpi)/Ti/0(  we  have  { sup  |Y  (t)  -Y*.  (t+ef)  |>x}  = 

r , " T/n  -H<t<Z  1 / 11  1 

{ sup  |X(t+TTi)-X,  (t+TTi)|>T1/ax)  c { sup  |X(t)-X.  (t)|>T1/ax)  u A-  and 
-tstsi  11  ^ 11  -£<t<NT+£  T 

from  (5.3)  it  then  follows  that 

lim  lim  sup  P(  sup  |Y-,.  (t)-Y^.  (t+&-)  |>x)  s lin  lira  sup  P(Aj.) 

V-xx,  T-h»  -£st<£  11  11  ““  fc+oo  lUco 

i-1  -Nil,  (Ny  )j 

= -k  6 — P—  » 

j=0 

and  since  N is  arbitrary  it  follows  that  (2.3)  holds.  Further, 

li;  lim  sup  P(  sup  | Y - (t) j >u)  = 0 follows  easily  from  Lemma  4.2,  and  thus 

i r*»  ;-*»  -SL<t<Z 

the  hypothesis  of  Lemma  2.3  is  satisfied.  This  concludes  the  proof  of  the 

lemma  for  the  case  0<a<l. 

If  instead  l<a<2  we  have  to  use  the  second  parts  of  Lemma  4.1 

and  4.2  instead  of  the  first  ones  to  'Trove  (5.3) , but  apart  from  that,  the 

lemma  follows  in  precisely  the  same  way  as  above  also  in  this  case.  0 

oince  the  restriction  that  Z(X)  is  completely  asymmetric  can  be 

removed  in  precisely  the  same  way  as  Theorem  3.2  is  obtained  from  Lemma  3.1, 

we  omit  the  details  of  this  proof  and  only  state  the  result. 

Recall  the  notation  A = sup  a(A),  put  a = sup  a‘(A),  let 
ct  -<x  aAe(l  -ry  AeR 

F ' = caA  (l+3)x  , y1'  = caa  (l-B)x  , let  ?,'  and  7"  have  the  distributior 
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given  on  p.  27  and  let  Y^(t)  = Z'a(-t)  teR,  with  probability  uV(u’+y') 
and  Y^(t)  = -Z’h(-t) , teR,  otherwise.  Then  the  limiting  distribution  of 
rvp  is  that  of  the  marked  point  process 


(5.6)  (N,YpY?s . . .)  where  the  components  are  independent, 
N is  a Poisson  process  with  intensity  u = 
and  the  Y^'s  have  the  distribution  given  above. 


THLORE'I  5.2.  Let  a(A)  satisfy  (4.1)  and  let  both  a (A)  and  a’ (A) 

satisfy  either  (4.5)  or  else  (4.6).  Further  let  {7(A);  AeR)  liave 

stationary  independent  increments  with  Z(0)=0  and  7(1)  stable 

(lsa,B)  and  let  X(t)  = /a(A-t)dZ(A) . Then  there  exist  {t^,  i=l,2, . . . ,Tsl} 

with  (tT- T>1)  tight  for  each  i>l  such  that  n as  T-*»,  where 

1/cy 

Oj,  is  the  marked  point  process  of  separated  exceedances  of  T ' x by 

(X(t) ; tsO)  and  where  the  distribution  of  n is  given  by  (5.6). 

Similarly  as  for  the  discrete  time  case,  various  corollaries  concerning 

the  behavior  of  extremes  can  be  deduced  from  Theorem  5.2.  Here  we  only  give 

the  very  simplest  result,  concerning  IL  - sup  X(t) . 

0<tsT 

COROLLARY  5.3.  Suppose  that  X(t)  satisfies  the  hypothesis  of  Theorem 


5.2.  Then 


as  T-*». 


>(iyT1/a<x)  exp{cjAa(l+3)+aa(l-3))x‘a} 


V/e  ’iiave  not  treated  the  case  a-1  above.  However,  using  methods  rather 
similar  to  those  for  l<a<2,  conditions  for  the  result  of  Theorem  5.2  to  hold 
can  be  obtained  also  for  a=l. 


Finally  we  note  that  it  is  easy  to  see  that  all  of  the  limit  theorems 
of  this  paper  arc  mixing  in  the  sense  of  Rdnyi  (the  first  result  in  this 
direction  is  proved  in  [11]).  Hence  they  can  be  extended  to  cases  where  the 


level  is  random,  and  possibly  depending  oi 
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